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Midterm Solutions

1. Determine whether the following vector fields are conservative. If so, find its potential function.
If not, state why.

(a) [10] F(x,y) = (e® +cos(x +32) , 2ycos(z + %) — 9y?).

aP 8Q 2 2 2
We first check whether B0 = B where P = e”+cos(z+y~) and @ = 2y cos(z+y~)—9y~.
Y xXr
We calculate: op P
oy —2ysin(z + %), 8—? = —2ysin(x +y?).

So we suspect that F(z,y) is indeed conservative. Now, we suppose that F = V f for
some f. Then we find that

of
— =P = e” + cos .
L P(a,y) = ¢+ cos(a +47)
Integrating with respect to x, we obtain f(x,y) = e*+sin(z+%2)+g(y) for some function
g that depends only on y. Differentiating with respect to y we obtain

of

y

= Q(z,y) = 2ycos(z + ) + ¢'(y) = 2y cos(z + y*) — 9y*.

Thus we have ¢/(y) = —9y2 and so g(y) = —3y> + C. Putting it all together, we find
that F is indeed conservative and its potential function f(z,y) is given by

f(z,y) = e® +sin(z 4+ 32) — 3y° + C.

(b) [10] F(z,y) = 322y 4+ e , 3 +e™).

orP 0
Solution: As above, we check whether i a—Q, where P = 322y +e® and Q = 23 +e™v.
x
We calculate: op 5
— =322 + ze™, 9Q = 322 4 ye™.
oy Oz

Since they are not equal, we conclude that F(z,y) is not conservative.

2. [20] (10 points each) For each vector field in the previous problem, evaluate the line integral

/F-dr
C

where C'is the part of the hyperbola zy = 1 from (1,2) to (2, 1).

Solution:

(a) Since F(x,y) is conservative in this case, we may apply the fundamental theorem for line
integrals and conclude that



where f(z,y) = €* + sin(z + y?) — 3y3. Therefore, the value of the line integral is
)
2 +sin(2+1/4) —3/8 — (Y2 +sin(1/2+4) — 24) = €2 — /e +sin(9/4) —sin(9/2) +232.

(b) In this case, F(x,y) is not conservative so we need to parametrize the curve and integrate
directly. To that end, let x = ¢ so along xy = 1 we have y = 1/t. So the curve C is given

by
1 1
C:zx=t == —
r=t, Y= t 5
From this parametrization we find that dz = dt and

t < 2.

IN

dy = —t=2 dt. Thus,
/ F-dr = / (32%y + e™) dx + (2> + &™) dy
c c

- /2 (Bt*/t +e') dt + (t° + ') (—t 2 dt)

1/2
2
:/ 2+ — — dt
1/2 3
2
2 6
=t"+et+ -
1/2
e e 1 15
=4+2 ——(1/44+=+2e)=4— - = —.
+ e+2 (1/ +2+ e) 1 1

3. [15] Evaluate the integral

///E:vde

where E is the region below the paraboloid z? + 32 + 2z = 4 and above the zy-plane.

Solution: We may consider E as a region that lies under the surface z = 4 — 22 — 32 and above
the domain 22 + y? < 4. So it makes sense to convert to cylindrical coordinates:

r=rcosf, y=rsinfh, z=z.
Then the region E is given by

0<f<2m, 0<r<2 0<z<4—r%

27 2 4—r2
///J:QdV:/ d@/rdr/ r?cos? 6 dz
E 0 0 0
2 2 4—r2
:/ cos29d9/ r3 dr/ dz
0
2
:/ 1 + cos 20 d@/ 3(4 —7"2) dr
2 0
B Q+51n20 A L
2 4 ) oz 6
(- E) (0 2) o e

Thus we have




4. [15] Suppose you were hiking in the mountains, and you take a spiral path up to the summit
given by the parametric equations

x = (20 —t)cost, y=(20—1t)sint, =z = 100t, 0<t<20.

Calculate the total distance you have travelled on this path.

Solution: We wish to calculate the arc-length of the path given by the parametrization in the
problem. That is, we want to evaluate the integral

o [T (2 ()

. dy . dz
= —cost — (20 — t)sint, ke —sint + (20 — t) cost, i 100.

So we calculate:

d;r
dt
Thus

Therefore, the arc-length is

20
L= V/1+ (20 — £)2 + 10000 dt
0
0
= / —4/10001 + 12 du
20

10001 20
= %\/10001+-u2+- 5 In(u+ /10001 + )
0

10001 10001
= 200v/10401 + —— In(20 + v/10401) — —— In /10001.

5. [15] Evaluate the integral
j{ Az siny dx + 3z2 cosy dy
C

where C' is the positively oriented triangle with vertices (0,0), (6,0), and (6, 3).
Solution: We apply Green’s Theorem to the integral. The domain is the triangle bounded by



C, and is given by 0 <z <6, 0 <y < /2. Thus,

7{4xsiny dx + 322 cos y dy:// 8—Q—8—P dA
c p\dz Oy
:// (6z cosy — 4z cosy) dA
D

6 z/2
—/ dac/ 2x cosy dy
0 0
6

- / 20 sin(z/2) du

0

3
:/ Susinu du
0

= 8(—ucosu + sinu)

3

0
= 8sin3 — 24 cos 3.

6. Consider the transformation from the xy-plane to the uv-plane given by
u=3x+4y, v=2z+2.

(a) [8] Let D be the rectangular region 2 < z <4, —1 <y < 1. What is the image of D in
the uv-plane under this map? Draw a picture and write the equations for the boundary.

Solution: Since the map is linear, the rectangle will map to a parallelogram in the uwv-
plane. Thus we look at the images of the vertices:

(2,-1) — (2,2), (4,—1)— (8,6), (4,1) (16,10), (2,1)— (10,6).

Along the edges, we have in the zy-plane the lines z =2, z =4,y = —1, and y = 1. We
find their images in the uv-plane:

r=2=u=6+4y, v=4+2y sou—6=2v—4),
r=4=u=1244y, v=8+2y sou—12=2(v—38),
(v+2),
(v—2).

y=—-1=u=3x—-4, v=22-2 sou+4=

oo bl

y=1l=u=3x+4, v=2x+2 sou—4=

u—+4 =+




9(z,y)
O(u,v) |
Solution: We need to solve for x and y in terms of u and v. Multiplying v by 2 and
subtracting we find that x = 2v — w. Similarly, we find that 2u — 3v = 2y so y =
(2u — 3v)/2. Therefore,

(b) [4] Calculate the absolute value of the Jacobian

Oxr Ox
la(x,y) = |det ou ov
0(u,v) oy Oy
ou Ov
- det( o _3?/2 )‘ —(3/2—2)]
—1/2.

(c¢) [3] What is the Jacobian (in matrix form) of a transformation on 4 variables? (In other
words, what is the matrix form of w‘?)
o(r, s, t,u)

Solution:

8711) ow Jw Ow
or 0O0s Ot Ou

Ooxr Oxr Ox Oz

or s Ot Ou
o(w,x,y, 2)

o(r, s, t,u) = det Oy Oy Oy Oy
or 0s Ot OJu

% 0z 0z 0z
or Jds 0Ot Ou




Useful Formulas

Trigonometric Identities

.sin?z+cos?z=1

.9 1 — cos2z

. sinfr = ———
2

9 1+ cos2x

. cosfr = ———
2

. sin2x = 2sinz cosx

. cos2x =cos?x —sinx =2cos?r—1=1-2sin?z

Integration Formulas

1.

2

w

W

ot

co

10.

/udv—uv—/vdu

ze® drx =xe® — e +C

nzder=alhz —x2+C

zcosx drx = xsinx + cosx + C

. /azsinx dr = —xzcosz +sinz + C

dx 1 T
. ﬁ:farctan——&—C
x4+ a a a

T
= arcsin — + C
a

/ dz

Ve
2

./\/a2+x2da::;\/a2+x2+a2ln(x—l— a’>+ %)+ C

=In(z+ Va?+22)+C

/ dx
) Va4 22
/ e dr = /7

—0o0



